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Below is a standalone proof of the classical Central Limit Theorem based on the proof in the Geiss—
Geiss book.

Theorem 1 (classical CLT). Let (Q),5,P) be a probability space and let f,, f5,...CQQ — R be a sequence of
i.i.d. random variables such that B(f?) = 1 and Ef, = 0. If S,, := f +--- + f,,, then one has

S—\/’% 4 g with law(g) =Ny;.

For the proof we will need the following lemma.

Lemma 2 (complex number estimate). For all n € N and z,v € C it holds that

n

2" —v"| < |z —v|- n-max(|z], [v])" "}

Proof. We use the factorisation

2y 4 v 40,

2"y = (z-v)(2" 42
The triangle inequality now gives
n-1
2" =" <lz=v ) [l <lz vl n-max(la], o))"
k=0
as required. O

We can now prove Theorem

Proof of Theorem |1} We have to show that
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for all x € R, or, putting S,, == f; +--- + f,,, that \/LESH =g~ N0,1~ By the Portmanteau theorem (Theo-

rem 12.1.1) this is equivalent to
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P15, ()= P =

n—-oo

for all t+ € R. Now by independence and Theorem 11.9.1, and then Sheet 6 Problem 4,

t

PLs, ()= QL) (t)= @fﬁ(t)w(p%(t):@(ﬁ),

where ¢(t) = ¢y (t). Since E(f{) < oo, Proposition 11 6.1 implies that ¢” exists and is continuous and
bounded with (p"(O) =i?E(f?) = -E(f?) and ¢’(0) = iEf;. By Taylor’s theorem we have
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for t € R with 5
lim 25 _ o,



So it remains to show that
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Properties of the exponential function tell us that (1 - 5—;) — e”7 as n — co. Therefore it suffices to

show that S 5 5 S on
t t t t
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We use Lemmasettmg z=1-Landv:=1-%+o0 (% , where we note that |z|,|v| < 1, which implies
n
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