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Geodesics

@ Geodesics describe the ‘shortest paths’ through a space.

@ Throughout, (X, d) denotes a metric space with more than one point.

Definition

If u,v € X distinct, a geodesic from u to v is a function 7:[0,1] — X such that
~¥(0) = u, ¥(1) = v, and

d(v(s),v(t)) = |s — t|d(u, v) for all s, t € [0,1].

@ They are important in general relativity.
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Uniqueness of geodesics
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Definition

A metric space (X, d) is multigeodesic if for all distinct u, v € X there exist at
least two distinct geodesics from u to v.

2Image by Anneke Bart and Bryan Clair
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Normed vector spaces
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Figure: Geodesics in (R?, ||-||1) where ||(x, y)||1:= |x|+ly|-

Theorem (B., to appear in Amer. Math. Monthly)

A real normed vector space (X, ||-||) is multigeodesic if and only if for all x € X

with ||x||=1 there exist C € (0,1) and y € X \ {Cx} such that ||y||= C and
lIx = yll=1-C.

Amlan Banaji

Multigeodesic spaces 1st December, 2022



[! spaces

Corollary

The space (C([0,1]),]|-||1), where ||f||1:= f01|f(x)|dx, is multigeodesic.

Proof.

Let g:[0,1] — R be continuous with ||g||1= 1. Define h(x) = xg(x) and let
C = ||hl|.

1 1
Hh||1+||g—h||1=/0 |xg(x)|dx-|-/0 lg(x) — xg(x)[dx

= / (x + (1 x)) 2 (x)ldx
— llglls,

so |lg — h||1= ||glli—]||h|l1= 1 — C. Therefore by the theorem, (C([0,1]), ||-||1) is
multigeodesic. 0
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The space (C([0,1]), ||:]|1), where ||f||]1:= f01|f(x)|dx, is multigeodesic.
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However, LP spaces for p > 1 are not multigeodesic.
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Laakso spaces

In general multigeodesic metric spaces, it might not be possible to make geodesics
disjoint.

Figure: The Laakso space is multigeodesic.

No multigeodesic space can be embedded into R” with a bi-Lipschitz map.
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Thank you for listening!

Questions welcome




