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Hausdorff dimension

Alternative definition of Hausdorff dimension:

dimgF = inf{s > 0: for all ¢ > 0 there exists a finite or countable cover

{U1, Us, ...} of F such that Z|U,-|s§ €}

Figure: A cover using balls of different sizes. Picture by Jonathan Fraser.
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Box dimension

Alternative definition of box dimension:

dimgF = inf{s > 0: for all € > 0 there exists &y € (0, 1] such that for all
0 € (0,d9) there exists a cover {Uy, Us, ...} of F such

that |U;|= ¢ for all i, and Z|U,-|5§ €.

Figure: A cover using balls of the same size. Picture by Jonathan Fraser.
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Intermediate dimensions

Falconer, Fraser and Kempton ('20) defined the upper #-intermediate
dimension for 6 € (0, 1):

dimgF = inf{s > 0: for all € > 0 there exists &y € (0, 1] such that for all
0 € (0,0p) there exists a cover {Uy, Us, ...} of F such

that 6'/% < |Uj[< 6 for all i, and > |Ui[*< €}

e Always dimy F < dimgF < dimgF.

e The function 6 — dimgyF is increasing, continuous for 6 € (0, 1] but not
necessarily at @ = 0 (see ®-intermediate dimensions, B. '20).

@ For more about the intermediate dimensions see Kenneth Falconer's talk.
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lterated function systems (IFSs)

o Let X C R" be compact and let {S;: X — X}/ be a finite IFS. There is a
unique non-empty compact attractor F satisfying F = (J;; Si(F).

@ Throughout, we assume the open set condition (OSC): Int(X) # @ and
Uies Si(Int(X)) € Int(X) with the union disjoint.

@ If each S; is assumed to be a similarity map with contraction ratio ¢; then the

Hausdorff and box dimensions of F coincide with the unique h > 0 satisfying
Hutchinson's formula

Figure: The Sierpinski gasket has Hausdorff dimension log 3/log 2.
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Disparity of dimensions

Fractals with less homogeneity can have different Hausdorff and box
dimensions. Two ways this can happen are if either:

1) There are infinitely many contractions in the IFS, or

2) The contractions are affine rather than similarities
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Infinite IFSs

@ Consider an IFS consisting of a countably infinite number of similarity maps
with contraction ratios ¢y, ¢p, ... uniformly bounded below 1, satisfying the
OsC.

@ The limit set F of a CIFS can be defined as the largest set (by inclusion)

which satisfies
F=JSi(F).
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First and second level cylinders for an infinitely generated self-similar set

@ The Hausdorff dimension h satisfies

dimHF:inf{tZO:Zc,tgl}.
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Box and intermediate dimensions

Assuming the compact set X satisfies the cone condition, and P is the set of fixed
points of the contractions,

e dimpF = max{dimy F,dimgP} (Mauldin — Urbarski, '99, TAMS)
e dimyF = max{dimy F,dimgP} (B. — Fraser, to appear in TAMS)
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Figure: Intermediate dimensions when P = { k™2 : k € N}

@ The formulae in blue hold even in when the contractions are conformal,
which has applications to parabolic systems and continued fraction sets.
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Bedford-McMullen carpets

Divide a square into an m x n grid, 2 < m < n.
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Hausdorff and box dimensions

Figure: Three different Bedford—McMullen carpets. Picture by Jonathan Fraser

Bedford ('84) and McMullen ('84) independently calculated their Hausdorff and

box dimensions.
Throughout, we assume that A has non-uniform vertical fibres, or equivalently

that dimg A < dimp A.
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Graph of the intermediate dimensions

dimg A =~ 1.37

Figure: Here, v := log n/log m
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Formula for the intermediate dimensions

(B. — Kolossvary, '21+)

@ Let M = # non-empty columns, N; := # maps in ith non-empty column,
N := Ni + --- 4+ Nuy. Define the Legendre transform

I(t) = iléﬁ{)\t — log <% iNj) }

@ For s € R, define the function T5:R — R by

Ts(t) = (sf IlogM> log n+ ~vI(t).

ogm

@ For ¢ € N, write Tf = Ts0---0Ts, and Tso is the identity. Define
—_———

¢ times

to(s) = TS ((s - Il(;i,\n/vl> log n) .

@ For fixed 6 € (0,1) let L = L(0) € N be such that v~ 5 < § <~~~ Then dimg A
is the unique solution s = s(0) € (dimu A, dimg A) to the equation

Y 0log N — ("0 — 1)t (s) + v(1 — v 0)(log M — I(t.(s))) — slog n = 0.
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Intermediate dimensions of Bedford—McMullen carpets

@ Phase transitions at negative
integer powers of log n/log m.

@ Real analytic and strictly concave

between phase transitions B
@ Strictly increasing
@ Right derivative tends to oo as
6—0
e Continuous for 6 € [0, 1] (proved
by Falconer — Fraser — Kempton dimuA 135
('20), used by Burrell — Falconer — 0 P o] 0

Fraser ('21) to prove results on the
box dimension of orthogonal
projections of carpets)
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Different possible shapes of the graph

dimBA1

dimgA,
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Different possible shapes of the graph
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Different possible shapes of the graph

dimgA;
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Multifractal analysis

@ Let v be the uniform Bernoulli measure supported on a Bedford—McMullen
carpet, satisfying

) for all Borel sets A C R2.

2 \

N
where N is the total number of contractions.
@ Jordan and Rams ('11) computed the multifractal spectrum of v,
f,(a) == dimg{x € suppv : dimy.(v, x) = a},

building on work of King ('95).

Theorem (B. — Kolossvary, '21+)

If A, N’ are Bedford—McMullen carpets with non-uniform vertical fibres, then the
intermediate dimensions are equal for all § if and only if the corresponding uniform
Bernoulli measures have the same multifractal spectra.

Amlan Banaji (University of St Andrews) Intermediate dimensions September 5, 2022 15 /17



Bi-Lipschitz equivalence

If f: A — N is bi-Lipschitz then dimy A = dimgy A’ for all 6.

If carpets A and A’ with non-uniform vertical fibres are bi-Lipschitz equivalent
then their uniform Bernoulli measures have the same multifractal spectra.

This improves a result of Rao, Yang and Zhang ('21+).
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Thank you for listening!




