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(1) Hélder or Jensen
(a) Holder: E|fg| < (E|f|P)'/?(E|g|?)'/? and take g = 1.
Alternative (Jensen): For N € N let fy(w) = min{|f(w)|, N}, so E(fn) < N < oco. Then by Jensen
applied to the convex function = — |z|P it holds that (E(fx))? < E(f%). By the monotone convergence
theorem it follows that (E|f])? < E(|f[?), and the result follows.

(b) Apply (Ta): Elg| < (E|g|")!/" with g = |f|" and r = ¢/p. Then

q

(E(fP)M/P < (BIFP3)5 7 = (BIf|")!/,

(2) Countable measure spaces
(a) Clearly () =3, coPn = 0. For all A C N we have pu(A) = >, . 4 pn > 0 since each p, > 0. To show
countable additivity, let Ay, Ao, ... be pairwise-disjoint. Then

slUa)= X pn:2<zpn>=2u(z4k),

k>1 'ILEU)CZlAk k>1 neA k>1

where we used pairwise-disjointness for the middle equality.
(b) For each n let g, = v({n}). Then for A C N, we have v(A) = 4 ¢, by countable additivity of v.
(¢) For N € N define fy: N — [0,00) by

_Jfn), if n <N,
fN(”)_{a ifn > N.

Using the definition of the Lebesgue integral of a simple function and then monotone convergence,

anf(n):/Ndeum/Nfdp.

n<N

But >,y pnf(n) = >, cnpnf(n) as N — 0o, so the result follows.

(3) Useful inequalities
(a) We use the measure space (N, 2", ;1) from problem with weights p,, = 1 for alln € N. Let f(n) = a,
and g(n) = b, for all n € N. Then Hoélder’s inequality with the definition of the integral from
becomes precisely the inequality we want to prove.
(b) We apply with sequences aq,...,a,,0,0,... and 1,...,1,0,0,... to get
——

n times

n n 1/p
Zak < <Za§) .nl/a.
k=1 k=1

Since x +— 2P (for > 0) is increasing, raising both sides of the inequality to the power p gives the
result.

(c)
<Zak> = (al—i—Zak) Safﬁ—(Zak) Saf—i-ag-i-(z:ak) g...gZai.
k=1 k=2



(4) convex functions
For n € N let a, == n(g(z + 1) — g(z)). Then

Un — Qi1 =Ng <a: + 711) —ng(z) — (n+1)g (m + ni1> + (n+1)g(z)

:(n+1)[nj_19<x+i>+g(1m)—g(rLilH(l—nil) (a:—l—i))] >0,

where the final inequality was by the convexity inequality g(0x + (1 — 0)y) < Og(x) + (1 — 0)g(y) with

_ 1 _ 1 —

(5) Sharpness of Minkowski’s inequality
Take ([0, 1],'3([0, 1]), A), f = 1[071/2], g = 1[1/271]. Then for 0 < p < 1,

1/p 1 1/p 1 1/p 1/p
/ |f + g[PdX —1=25"1 () + () — 951 / | f|PdX + / lg|PdA
0,1] 2 2 [0,1] 0,1]

(6) True or false
(a) False. For a counterexample let p =1 <2 =g and f = 11j; o)(z). Then

(~/R|f|Qd)\)é: (/1001’12dx>1/2:m:1<00=/1midx= (/lelpdxy.

Note that does not apply because A(R) = cc.
(b) True by Markov’s inequality:

1/p

P(lg| > \) = P(el9! > ) < e E(el9).
(c) False. For a counterexample, take ((0,1),B(0,1),\) and f(z) = x~3/4, noting that f is continuous
hence Borel measurable. Then

1
E|f|=Ef = / 734 de = [4at )} = 4,
0

so f is integrable. But

4—4/3 4—4/3
—4/3

Var(f) > / (2734 — 4)2%de = / (2732 416 — 8273/ ) da = [—227Y/2 + 162 — 3221/4]} = 00.
0 0

(7) convergence in probability

(a) Fixe > 0. Since f, L, f, there exists N € N such that for all n > N it holds that P(|fn—f| >€/2) <e.
Then for all n,m > N,

P(‘fn_fm|>€)gp(|fn_f|>5/2)+P(|fn_f|>5/2)S5/2+5/2:8'

So (fr) is Cauchy in probability.
(b) As in (7a)), for N,n € N,

P(If =gl > 2/N) < P(|f = ful > 1/N) +P(|fn —g| > 1/N) —— 0,

so P(|f —g| > 2/N) =0 for all N. Thus
I>B(f=g)=1-B(f—gl>0)=1- |JP(f—gl>2/N)>1- 3 0=1
N=1 N=1

so there is equality throughout.



(¢) Let 1 <nj <mng < --- be an arbitrary subsequence. Since f, 5 f, by Theorem 9.2.4 (4) we can find a

5. . P
subsequence ng, < ng, < --- such that f,, ka—s> f- Since g, — g, we can find a further subsequence
—00
ng, < mng, <--- such that g, LN g, and note that also f,, SLILIEN f.
J1 72 7 j—oo 7 j—oo

Now Af,, + tgn LI\ f + ng follows by the backward implication of Theorem 9.2.4 (4), since
Mo, + 1gny, = Mf + pg.
J j—o0

Similarly, fngn 5 fg holds since
a.s.
f"kjgnkj J—>—00> 19



