
Probability Theory 2 – Amlan Banaji spring term 2026

Exercises 3 Solutions, 10:00-11:30 MaD 381 April 13, 2026

(1) Continuous mapping theorem

Consider an arbitrary subsequence n1 < n2 < · · · . Since fnk
P−→ f , by Theorem 9.2.4 (4) there is a fur-

ther subsequence with fnkl
a.s.−−−→ f . Since ϕ is continuous, if fnkl

(ω) → f (ω) then ϕ(fnkl (ω)) → ϕ(f (ω)),

so ϕ(fnkl )
a.s.−−−→ ϕ(f ). Therefore by Theorem 9.2.4 (4) again, ϕ(fn)

P−→ ϕ(f ).

(2) Sequence of coin tosses
The probability is 0. Indeed, consider the probability space (Ω,F,P) where Ω = {H,T }, F = 2{H,T }, and
P({H}) = P({T }) = 1/2 (this represents one toss of a fair coin). A sequence of independent tosses of a fair
coin is represented by the infinite product probability space (

�∞
n=1Ω,⊗∞n=1F,⊗

∞
n=1P). For n ∈ N define

Xn :
�∞

n=1Ω→R by

Xn((ω1,ω2, . . . )) =

1 if ωn = H,

−1 if ωn = T .

Then X1,X2, . . . are i.i.d. random variables with E(Xn) = 0 and E(X4
n) = 1 <∞. Therefore by the Strong Law

of Large Numbers,

⊗∞n=1P

(X1 + · · ·+Xn

n
−−−−−→
n→∞

0
)

= 1.

But if X1+···+Xn
n −−−−−→

n→∞
0 then there exists N ∈ N such that for all n ≥ N it holds that X1+···+Xn

n < 0.001, so

there are only finitely many nk such that at least 51% of the first nk coin tosses are Heads.

(3) convergence?

(a) fn(x)→ 1{1}(x) for all x ∈ [0,1]. So fn
λ−a.s.−−−−−→ 0 and fn

δ1−a.s.−−−−−−→ 1. Since |fn| ≤ 1 for all n, by the dominated
convergence theorem, Eµ limn fn = limnEµfn for both λ and δ1.

(b) fn(x)→∞1{1}(x) for all x ∈ [0,1]. Indeed, for x ∈ [0,1), nxn → 0 because “exponential beats polyno-

mial.” So fn
λ−a.s.−−−−−→ 0 and fn

δ1−a.s.−−−−−−→∞. Now

Eδ1
lim
n

fn =∞ = lim
n

n = lim
n

Eδ1
fn.

But

Eλ(fn) =
∫ 1

0
nxndx =

n
n+ 1

[xn+1]1
0 =

n
n+ 1

→ 1,

while Eλ(limn fn) = 0.
(c) fn(x)→∞1{0}(x) for all x ∈ [0,1]. So fn→ 0 a.s. for both λ and δ0. So for all n, 0 = Eδ1

fn = Eδ1
limn fn.

Now, Eλfn = 4n
2n = 2n→∞, but Eλ(limn fn) = 0.

(4) convergence in probability: equivalences
For the forward implication, since x 7→min{1,x} is continuous for all p ∈ (0,∞), by the continuous mapping

theorem fn
P−→ f implies min{1, |fn − f |p}

P−→ 0. Moreover supn(min{1, |fn − f |p}) ≤ 1 so E(supn(min{1, |fn −
f |p})) ≤ 1 <∞. Now Proposition 9.3.3 (4) implies E(min{1, |fn − f |})→ 0.

For the backward implication, let p ∈ (0,∞) be such that E(min{1, |fn − f |p})→ 0, and let 0 < ε ≤ 1. Then
by Markov’s inequality,

P(|fn − f | ≥ ε) = P(|fn − f |p ≥ εp) = P(min{1, |fn − f |p} ≥ εp) ≤ ε−nE(min{1, |fn − f |p})→ 0

by assumption. The ε > 1 case follows trivially since P(|fn − f | > ε) ≤ P(|fn − f |p ≥min{ε,1}).
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(5) L0(Ω,F,P) a metric space?
(a) is true: D(f ,g) = 0⇔min{1, |f − g |} = 0a.s.⇔ |f − g | = 0a.s.⇔ f = g a.s.

(b) is clearly true.
(c) is also true. Indeed, for a,b ≥ 0, min{1, a}+min{1, b} = a+b = min{1, a+b} if a+b ≤ 1, while min{1, a}+

min{1,b} ≥ 1 = min{1, a+ b} if a+ b > 1. Therefore by the definition of D,

D(f ,h) ≤ E(min{1, |f − g |+ |g − h|}) ≤D(f ,g) +D(g,h).

Remark: L0(Ω,F,P) turns into a metric space if we identify functions which are a.s. equal, i.e. the space
of equivalence classes for the equivalence relation f ∼ g if f = g a.e. becomes a metric space.

(6) uniform integrability
(a) First note that if a,b ∈R and |a+b| ≥ c then either |a| ≥ c/2 or |b| ≥ c/2 (or both), and |a+b| ≤ 2max{|a|, |b|}.
Therefore

1|f +g |≥c/2|f + g | ≤ 2[1|f |≥c/2|f |+ 1|g |≥c/2|g |].
Integrating gives the desired inequality.

(b) Using part (a), for all c > 0,

sup
i

E(1|αfi+βgi |≥c |f + g |) ≤ 2sup
i

(E(1|αfi |≥c/2|αfi |) +E(1|βgi |≥c/2|βgi |))

≤ 2(α sup
i

E(1|fi |≥c/(2|α|)|fi |+ β sup
j

E(1|gj |≥c/(2|β|)|gj |)) −−−−→c→∞
0,

where we used the obvious convention that if α or β is 0 then we ignore the corresponding terms.
(c) We observed in lectures that by the dominated convergence theorem, for each i, {fi} is u.i. Therefore

for all ε > 0 we can find c1, . . . , cN > 0 such that for each i, E(1|fi |≥ci |fi |) ≤ ε. Therefore if cBmax{c1, . . . , cN }
then

max
1≤i≤N

E(1|fi |≥c |fi |) ≤ max
1≤i≤N

E(1|fi |≥ci |fi |) ≤ ε,

so {f1, . . . , fN } is u.i.


