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(1)

Continuous mapping theorem
P
Consider an arbitrary subsequence n; < n, < ---. Since f,, — f, by Theorem 9.2.4 (4) there is a fur-

ther subsequence with f”kz SN f. Since ¢ is continuous, if fnk,(w) — f(w) then (P(fnk,(w)) — @(f(w)),

) (P(fnk,) RN @(f). Therefore by Theorem 9.2.4 (4) again, ¢(f,) LA o(f).

Sequence of coin tosses

The probability is 0. Indeed, consider the probability space (Q,F,IP) where Q = {H, T}, I = 20HT} and
IP({H}) = P({T}) = 1/2 (this represents one toss of a fair coin). A sequence of independent tosses of a fair
coin is represented by the infinite product probability space ()X;2; Q,®;>,F,®;"IP). For n € IN define
X, X5, Q> Rby

1 ifw,=H,

Xn((wl'wz"")):{_l ifw,=T.

Then X, X,... are i.i.d. random variables with IE(X,,) = 0 and E(X}) = 1 < co. Therefore by the Strong Law
of Large Numbers,

oo IP( 1 0):1.
n n—oco

But if M ——— 0 then there exists N € IN such that for all n > N it holds that M < 0.001, so

n—o0

there are only finitely many n; such that at least 51% of the first ny coin tosses are Heads.

convergence?

a) fu(x) = 1y3)(x) for all x € [0,1]. So f, 2720 and fu Qe 1. Since |f,| < 1 for all n, by the dominated
convergence theorem, E, lim,, f, = lim, E, f, for both A and 6.
b) fu(x) = 001{1}( X) for all x € [0,1]. Indeed, for x € [0,1), nx" — 0 because “exponential beats polyno-

mial.” So f, A% 0 and fu RN co. Now

Es, hlgnfn =—oo= 11711nn = hrll’nlE(glfn.

But
n

n+1

-1,

1
E\(f,) = J(; nx"dx = #[x”“]}) =
while E ( limn fu) =
c) fu(x) — ool 0}( ) for all x €[0,1]. So f, — 0 a.s. for both A and 6. So for all n, 0 = E;, f,, = Es, lim,, f,,.
Now, E, f, = %: =2" — oo, but E,(lim,, f,,) = 0.

convergence in probability: equivalences
For the forward implication, since x — min{1, x} is continuous for all p € (0, o), by the continuous mapping
theorem f, LN f implies min{1,|f,, — f|P} LN 0. Moreover sup, (min{1,|f, - fI’}) < 1 so [E(sup,,(min{1,|f, -
fIP})) €1 < co. Now Proposition 9.3.3 (4) implies E(min{1,|f, — f|}) = 0

For the backward implication, let p € (0, ) be such that IE(min{1,|f, — f|[P}) —» 0, and let 0 < & < 1. Then
by Markov’s inequality,

P(|fy—f1= &) =P(|fy - fIP =€) = P(min{1,|f, - fIP} > €’) < e "E(min{1,|f, - f}) > 0

by assumption. The ¢ > 1 case follows trivially since IP(|f, — f| > €) < P(|f,, — fIP > min{g, 1}).



(5)

Lo(Q,F,P) a metric space?
(a)is true: D(f,g) =0 © min{l,|f —g|} =0a.s. & |f —g|=0as. o f =ga.s.

(b) is clearly true.

(c) is also true. Indeed, for a,b > 0, min{1,a} + min{1,b} = a+ b = min{1,a+ b} if a+ b < 1, while min{1, a} +
min{1,b} > 1 =min{l,a+ b} if a+ b > 1. Therefore by the definition of D,

D(f,h) < E(min{1,|f - gl +|g - hl}) < D(f,g) + D(g, h).
Remark: £4(Q,JF,IP) turns into a metric space if we identify functions which are a.s. equal, i.e. the space
of equivalence classes for the equivalence relation f ~ g if f = g a.e. becomes a metric space.

uniform integrability
(a) First note that if 4,b € R and |a+b| > ¢ then either |a| > ¢/2 or |b| > ¢/2 (or both), and |a+ b| < 2max{|al,|b]}.
Therefore
Vg2l f + 81 < 2[1fneral f1+ Ligizer2lgl]-
Integrating gives the desired inequality.
(b) Using part (a), for all ¢ >0,

SUPIE(Liy 4 pgioclf +8I) < 25Up(E(1 o fscalafil) + E(1 pg1ocr2l BSil))
1 1

< 2(asup B(1ygzc/ala)fil + BSUP E(Lig>c/21p)I8j1) =22 O
i j
where we used the obvious convention that if @ or  is 0 then we ignore the corresponding terms.
(c) We observed in lectures that by the dominated convergence theorem, for each i, {f;} is u.i. Therefore
for all € > 0 we can find cy,...,cy > 0 such that for each i, (155, fi]) < €. Therefore if ¢ := max{cy, ..., cn}
then

E(1r 1) < E(1rs. 6] <€
max ( |ﬁ|2c|ﬁ|)_112ﬁg] (Lfpqlfil <€

so {fi,..., fn}is w.i.



