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(1) * Fourier transforms of discrete measures
(a) Finitely supported measure:
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(b) Poisson distribution: We have
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In the last step we used the series expansion for the exponential function. To justify the first equality
rigorously (don’t worry if you didn’t do this in the hand-in), we can define for each x e R and n € N
the functions fy ,, &x,n: R = Rby f; ,(¥) = cos(xy)1[_;, () and gy, ,(y) = sin(xy)1[_,,)(¥). Then for each
v € R we have f, ,(y) — cos(xy) and g, ,(y) — sin(xy) as n — co. Moreover, |f, ,(¥)],gx,» ()] < 1 for all
x,1,9, and jIR 1d(Pois,) < 1. Therefore we can apply the dominated convergence theorem to get

n k
Ze%%cos(xk) = J fend(Pois)) —>j cos(xy)d(Poisy)(v),
k=0 ’ R IR

SO ) 12 e""]‘{—]; cos(xk) = LR cos(xy)d(Pois,)(y). Similarly, Yy 22 e ’,\(—I,( sin(xk) = JIR sin(xy)d(Pois, ) (). The
first equality now follows from the definition of the Fourier transform.

(2) Fourier transform of uniform distribution
For x =0,
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(3) Fourier transform of convolution
(a) Gaussian distribution: Letting [Py ,[Px, be the laws of Xy, X5, and @x,, ¢x, the characteristic functi-
ons, we have

Pi(x) = px, (x) = 07300, By(x) = gy, (x) = oM,
Now since Py, ,x, = Px, *[Px,, we have

P, (¥) = Py ox, (x) = )= S (R Ry,

Therefore X; + X, is Gaussian with mean m + 7 and variance R + R.
(b) Uniform distribution: Letting Y be uniform distributed on [0, 2], we see from Question [2| that for
x=0,
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Py, +Y,(x) =(



(4) linear image of measure

(5)

Applying the change of variable formula and then the definition of the transpose,
Fa(x) = f ¢V dpa(y) = J W dp(y) = J- A dp(y) = AT ),
R4 R R?

square of characteristic function

Let @ be the characteristic function of some random variable f, and let ¢ be a random variable which is
independent from f but with the same distribution (hence the same characteristic function ¢). By Corol-
lary 8.10.4,

Pfeg(x) = BT = B OIEED) = ().

So ¢? is the characteristic function of f +g.

Fourier transform of a compactly supported measure
Since y has compact support, we can fix R > 0 large enough that u(R?\ B(0, R)) = 0. We now use the strategy
from Theorem 11.2.6 (1) in the notes:

mx)—m)lsj |ef<x'z>—ef<%z>|dy<z>sj |<x—y,z>|dy<z>s|x—y|f leld(z) < Rlx— ).
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In the second inequality we used Sheet 5 Question 5¢, and in the third inequality we used Cauchy-Schwarz.



