PROBABILITY THEORY 2 — AMLAN BANAJI SPRING TERM 2026
EXERCISES -6- 10:00-11:30 MAD 381 MAY 4, 2026

Please hand in your answer to Question (1)* by email before the start of the exercise session, or on paper
at the start of the exercise session.

You do not need to hand in the rest of your solutions (unless you are unable to attend the exercise session),
but be prepared to present one or two of the ones you have completed (I will choose which) during the exercise
session. If you are unable to attend the exercise session, please email me all the questions you have attempted
by 10am on the day of the exercise session.

(1) * Fourier transforms of discrete measures
(a) Finitely supported measure: Show that for ai,...,a, € R 6y,...,0, € R, and pu = > ry 0k0a,
considered as a signed measure on (R¢, B(R?)), it holds that

p(z) = ZH}C(COS(<.’L‘, ar)) + isin((z, ax))) for all z € RY,
k=1

where (-,-) denotes the Euclidean inner product in R
(b) Poisson distribution: Let A > 0 and consider

as a measure on (R, B(R)). Show that

B Ae'™—1)

Poisy(z) = e

(2) Fourier transform of uniform distribution

Define
ABNJed
U[c,d](B) = (T[cg]) for B € 3(R)
Show that for x # 0 it holds that
— 1 eimd _ eimc
Ve (®) = d—c iz

(3) Fourier transform of convolution
Use characteristic functions and properties of the convolution to show the following.

(a) Gaussian distribution: The sum of 2 independent random variables X1, Xo: Q — R¢ with Gaussian
distribution (with expectation vectors m and 7 and covariance matrices R and ]%, respectively) is
again Gaussian distributed. Find the resulting expectation vector and covariance matrix.

(b) Uniform distribution: The sum of 2 independent random variables Y7,Y2:  — [0,1] which are
uniformly distributed on [0, 1] does not have a uniform distribution on [0, 2].

(4) linear image of measure
With a d x d matrix A we describe the linear map A: R? — R?. Assume p € M; (R?). Show that for the
image measure 4 given by

pa(B) = p({zr €R%: Az € BY) for all B € B(R?),

it holds that
fa(z) = (AT ) for all z € RY.



(5) square of characteristic function
If ¢ is a characteristic function, does it follow that ¢? is also a characteristic function?
Hint: Compute the characteristic function of the sum of 2 independent random variables to get an idea.

(6) Fourier transform of a compactly supported measure
Let p1 be a Borel probability measure on R? whose support is compact (i.e. x is supported inside a bounded
subset of RY). Prove that ji is a Lipschitz continuous function, i.e. prove that there exists C' > 0 such that
for all 2,y € R? it holds that |fi(x) — fi(y)| < Clz — yl.



